Semiconductor quantum dots, structures that confine electronic excitations in three dimensions, are a maturing technology that have potential applications in numerous areas of optoelectronics. These include areas such as single-photon emitters, 1,2 quantum computing, [3] [4] [5] and photovoltaics.
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Though development of practical quantum dot devices is progressing rapidly, most areas of quantum dot optoelectronics suffer from the common issue of vibrational coupling to excitons. Interactions between electronic excitations and lattice vibrations facilitate energy loss through non-radiative decay processes and play a vital role in coherent control protocols.
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Acoustic vibrational modes are of particular importance, since their low energies mediate coupling between the fine-structure of an exciton manifold [11] [12] [13] and comprise the primary dephasing mechanism of interband coherences [14] [15] [16] in quantum dots. Though usually a continuum of modes, acoustic vibrations can assume discrete modes 17, 18 due to size-confinement in colloidal quantum dots. [19] [20] [21] [22] However, the two pictures of acoustic vibrations as a bulk-like phonon continuum or discrete spherical harmonics are seldom considered simultaneously. we characterize the continuum mode spectral density and coupling mechanism.
The sample is CQDs composed of a 2 nm mean radius CdSe core and 2.5 nm mean thickness CdZnS shell (shown in Fig. 1a ), whose synthesis is detailed elsewhere. 39 To study their properties at cryogenic temperatures the CQDs are dispersed in heptamethylnonane, which forms a transparent glass at temperatures below 100 K and is liquid up to room temperature. The colloidal suspension is diluted to an optical density of 0.3 at the roomtemperature 1S exciton absorption peak.
The finite size of the CQD geometry introduces discrete vibrations. The simplified 4-level system formed from the lowest two states of the ground and excited state ladders then couple to a harmonic bath of acoustic phonon continuum states. The coupling strength is characterized by the spectral density function J(ω), and the J(ω) used in the simulations below is plotted inset.
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CQD surface may be modified such that vibrations of the combined matrix and embedded sphere must be jointly considered.
MDCS is ideal to investigate acoustic phonon coupling in CQDs for two main reasons.
First, the ensemble-averaged homogeneous response may be retrieved in the presence of inhomogeneity as a function of resonance energy (corresponding to radius in CQDs). Second, vibrational lineshapes are enhanced by nonlinear spectroscopies such as MDCS.
A MDCS spectrum is generated by Fourier transforming a four-wave mixing signal along a combination of the two delays τ and T between three excitation pulses and the evolution time t after the last pulse. We acquire single-quantum spectra 36, 40 by Fourier transforming along τ and t, 41 which correlate absorption and emission spectra of the sample. Rephasing singlequantum spectra circumvent inhomogeneity by rephasing the evolution of excited coherences (due to a phase-conjugated first pulse 40 ), as reflected in the negative absorption energies 7 the zero-phonon line (seen more clearly in Fig. 3 ). Although the zero-frequency cutoff of the spectral density may result in a sharp feature on the Stokes-side (hω t −hω τ < 0) of the zero-phonon line, we cannot explain the anti-Stokes (hω t −hω τ > 0) peak (marked by red arrows in Fig. 3 ) through solely an acoustic phonon continuum (see Supplemental Info).
We explain these results by proposing that discrete torsional modes related to the quantum dot geometry exist in conjunction with continuum longitudinal acoustic modes related to the crystal lattice. We were unable to find values for the low-temperature (glass phase) sound velocity for heptamethylnonane, though from its room temperature (liquid phase) To investigate the validity of this interpretation, we simulate the acquired single-quantum spectra according to the following model. A discrete transverse torsional mode "dresses" the ground and excited electronic states to generate ladders of states separated by the torsional mode energy 47 (shown in Fig. 1b) . By calculating allowed torsional mode energies (indexed by and n) according to our material parameters, we find that the ( , n) = (2, 0) mode matches the features of our experimental spectra (see Supplemental Info). We note that the higher-frequency ( , n) = (1, 0) mode, which involves oscillations of a core and shell layer in opposite directions, should couple weakly to the type-I CdSe/CdZnS quantum dots studied here that confine both carriers in the CdSe core. 39 The transition strengths between these states are determined by the Huang-Rhys parameter S. 48 The energies of these states are then modulated by a continuum bath of longitudinal acoustic phonons via elastic interactions. Assuming the bath is harmonic, that is the coupling is taken to be linear coupling 8 to a continuous distribution of harmonic oscillators, we can characterize the system-bath interaction by a spectral density function J(ω) (shown in Fig. 1c ). The spectral density may be loosely interpreted as the frequency spectrum of the energy gap modulation by a coupled harmonic bath. For a spherical quantum dot with identical electron and hole localization radii, the spectral density of an acoustic phonon bath:
may be derived analytically, 49 where A characterizes the coupling strength, ω c is a cutoff frequency that determines the width of acoustic phonon spectral features, and p is an integer that depends on the coupling mechanism (p = (1)3 for (deformation potential) piezoelectric coupling). 50 The experimental and simulated single-quantum spectra at temperatures 5, 10, and 16 Kelvin are shown in Fig. 2 . Corresponding simulations without torsional mode coupling, which fail to reproduce the anti-Stokes peak, may be found in the Supplemental
Info.
For the model described above, analytic expressions are not available to fit experimental lineshapes. We thus emphasize that the goal of our simulations is not to extract numerical values for specific quantities, but rather to elucidate the nature of the underlying microscopic dynamics. The torsional mode energy E (2,0) is calculated, 17 while accounting for the core-shell structure of our dots (see Supplemental Info), to be 0.8 meV, and is the value used in our simulation. The torsional mode Huang-Rhys parameter used is S = 0.6. We were unable to obtain good agreement between experiment and simulation for deformation potential coupling (p = 1) with the continuum acoustic modes. Although excitons in free-standing few-nm radii CQDs are thought to couple to acoustic vibrations predominately via the deformation potential mechanism, 17 our spectra suggest that the delocalized acoustic vibrations considered here couple through the long-range piezoelectric interaction (p = 3) used in our simulation. Coherences between states |g and |e are simulated with a dephasing ratehγ = 0.4 meV to match the zero-phonon linewidth while coherences involving the vibrationallyexcited states |g and |ẽ dephase more quickly athγ = 1.6 meV. The remaining parameters used for the spectral density are A = 0.47 ps 4 andhω c = 1.15 meV. It should be noted that the simulated spectra in Fig. 2 are obtained after numerically including finite pulse bandwidth effects (see Supplemental Info) for a large inhomogeneously broadened (σ = 50 meV) response function by using the respective experimental laser spectrum at each temperature.
In Fig. 3 , we plot cross-diagonal slices centered at energy |hω τ | = |hω t | = 2060 meV. In conclusion, we have observed vibrational lineshapes in the third-order nonlinear response of a core-shell CQD ensemble that indicate simultaneous existence of discrete and continuum acoustic vibrational modes. As a primary mechanism of energy loss and dephasing, understanding acoustic phonon coupling is crucial to the design and implementation of CQDs in optoelectronic devices. In particular, devices based on CQD-doped glasses 51 or superlattices 52 should be designed with an engineered spectral density to minimize energy loss and other dissipative processes due to interactions with acoustic vibrations.
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